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Introduction oy

In high-dimensional transcriptomic data, RNA-
seq reads often match multiple genes, and so,
assigning a read to a single specific gene is not _
always possible. N4

S ——

Consequently, multi-mapping reads (or multi-
reads) complicate gene expression quantification

and introduce uncertainty into downstream anal- |
yses. _—1
—
Figure adapted from [Haque et al., 2017] m——
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Introduction

[An excerpt of RNA-seq alignment in aldo-keto reductase AKR1C genes (with BLAST)]

read_id gene_id quality_score
SRR957884.10000218 AKR1C2 10000
SRR957884.10000218 AKR1C1 10000
SRR957884.10000218 AKR1C3 8463
SRR957884.10000218 AKR1C4 4757
SRR957884.10000218 AKR1C7P 4198
SRR957884.10000218 AKR1C8 4400
SRR957884.100006 AKR1C2 10000
SRR957884.100006 AKR1C1 10000
SRR957884.100006 AKR1C3 4852
SRR957884.10002447 AKR1C2 4559

SRR957884.10002447

AKRI1C1

9606
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Introduction

A proxy for transcript abundance

Differential expression analysis represents the expression of the g-th gene in
the i-th sample using the number of sequenced RNA fragments assigned to g,
resulting in a count

Yie € No.

However, when multimapped reads are present in the data, quantifying y;, be-
comes challenging.
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Introduction

Why aggregate gene counts?

Multireads become even more problematic in the case of aggregated gene ex-

pression
Ti = E Wg Yi ig 5
g

which is relevant for example
» to compute a-globin chain production by HBA1-2 genes [Cromer et al., 2021],
» to quantify total rRNA production in ribosome biogenesis [Malinovskaya et al., 2018],

» to quantify steroid metabolism given by AKR1C family [Penning et al., 2018].
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Introduction

Granular counts preserve mapping ambiguity

Because of shared exonic structure, sequence similarity, incomplete annotation
[Ji et al, 2011], the counting process here is inherently many-to-one:

> a form of imperfect knowledge (not randomness) to take into account

Relying on possibility theory [Dubois and Prade, 1988], granular counting can replace
standard counting by

» preserving multimap ambiguity,

» allowing for summing gene expressions in a meaningful way.

rg o< GMc™2 | Calcagni et al. Introduction 2/14



Introduction

Granular counts preserve mapping ambiguity

A granular (fuzzy) count y is repre-
sented by a possibility distribution

(A) (B)
fig :No — [07 1]7 .

where &g (y) quantifies the compatibility :
of count y with the observed mapping ’ : “
information. [ S B e
Unlike probabilities: T

wo exemplary granular counts.
> &z represents epistemic uncertainty; Figure from [Calcagni et al., 2026]

> several counts may be simultaneously
highly possible.
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Statistical modeling of fuzzy counts

Statement of the problem

Let

9g = (}71g7~~-7)7ng)
be the vector of fuzzy counts for gene g, regarded as an imprecise/coarsened
realization of the latent vector

Ye = (y1g7 e ,yng)‘

The goal is to perform differential expression analysis using ¥, rather than y,.
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Statistical modeling of fuzzy counts

Why is fuzziness non-ignorable?

Naive approach: compress each fuzzy count yj, into a single number 73 € R
(e.g., the barycenter).

> Although effective sometimes, defuzzification assumes we may ignore the
mechanism which has blurred Yz = y.

> However, the possibility distribution £z already encapsulates information
about Yj; = y, making this coarsening mechanism non-ignorable [Calcagni et al., 2026].
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Statistical modeling of fuzzy counts

Why is fuzziness non-ignorable?

Much like in MNAR approaches [Molenberghs and Verbeke, 2005], one needs to specify
the latent count model (e.g., Negative Binomial) along with the fuzzy-reporting
mechanism, i.e.

\//‘gNP(‘)a
S | (Yig =y) ~ oy, ),

where ¢(y, -) formalizes a coarsening not at random (CNAR) reporting process
[Calcagni et al., 2026].
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Statistical modeling of fuzzy counts

Why is fuzziness non-ignorable?

In writing the CNAR model, £z enters the conditional model as compatibility

term, i.e.

q(&ig | y) o< sy(Eig) v(&ig)s

which encodes how the latent count y relates to the observed granular count yj,.

From the particular choice of s,(£), one may get
» distinct CNAR models;

» pseudo-CAR models that ignore the fuzzy-reporting mechanism.
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Statistical modeling of fuzzy counts

Retaining vs. ignoring fuzziness
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From Data to Actionabi

CARii, Vs CNAR

Q
n
-

T T T 1
400 600 800 1000

CARZ, vs CNAR

Q
n
-
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0 200 400 600 800 1000

Posterior predictive checks for a particular CNAR specification (grey curves) vs. two CAR-like

alternatives (colored curves).

In brief: fuzziness omission affects output dispersion and structural links, not the regression trend.

Source: [Calcagni et al., 2026]
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Delving into fuzzy CNAR construction

Let
O be the collection of reads,
G be the collection of genes,
p: O — G an assignment function,

mo(g) € [0, 1] possibility that read o originates from gene g.

The computation of &(y) is rooted in two basic assumptions:
—1 _
Al each read refers to a gene so that }°_|p™ (g)| = |O],

A2 knowing p(o) does not affect the uncertainty of p(o’), 0,0’ € O.

Note: Al means that each read has a unique origin which is not completely known by
the observer (epistemic uncertainty).
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Delving into fuzzy CNAR construction

Consequently [Mencar and Pedrycz, 2020]:

mnax min { min 7, min  max (g’ }, vy € {0,1,...}.
) = 52 { nin mo(g), min | max | mo(g) y e }
=y
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Delving into fuzzy CNAR construction

. . . /
= max min< min m,(g), min  ma , Vyed{0,1,...}.
) = gra min { mip 7o) mip | max wl&)}, Wy e {01,)
[Oy|=y

&(y) €[0,1] is the possibility
of the most compatible assignments o-g yielding exactly y reads for g,
accounting both for assignment to g

and for the most compatible assignment to alternative genes.
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Delving into fuzzy CNAR construction

Where does granular interactivity come from?

Iy

() = s min { mip mole). i mex mo(g) |y € (0.1

[Oy|=y
A(Oy) B(0y)

The presence of both A(O,) and B(O,) makes the calculus interactive:

> counting all the reads assigned to g decreases the number of reads available
to alternative assighments g’ # g.

Note: granular interactivity # stochastic dependence (epistemic property of the data).
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Delving into fuzzy CNAR construction

Marginal fuzzy sums are not enough

Assumption Al induces an interactive gene-counting process, yielding a sparse
but structured joint possibility distribution. In general,

ffygg’()’gv}’g’) # mi“{fig(yg)affg’ (}’g’)}-

Consequently,
fi,g+g’(z) < (gig 2] gig’>(z)7
—_— —
granular sum marginal sum

because the marginal sum may combine count pairs (yg, ¥,/) that are not jointly
admissible.
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Intermediate remarks

Established so far

Granular counts naturally represent read-to-gene multimapping;

Shared ambiguous reads induce granular interactivity, which is epistemic rather
than stochastic;

Gene aggregation requires preserving the joint assignment structure:
marginal fuzzy sums # joint fuzzy sum.
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Statistical modeling of multigene fuzzy counts

A two-layer model for multigene fuzzy counts

Remember that, due to CNAR property, the statistical modeling of fuzzy counts
requires a conditional model:

Yig ~ Py (latent count model)
Zig | (Yig = )/) ~ <25(}/7 ) (fuzzification model)

Where the second layer is usually implemented using convenient conditional prob-
ability distributions (e.g., Gamma, Beta) [Calcagni et al., 2026].
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Statistical modeling of multigene fuzzy counts  rEEvEEE

From Data to Actionabletnsight,

The latent count model

Model desiderata Yig ~ Py
Gp = {6182, -} Zig | (Yig=y)~aly,")
Yig ~ /\/'egBi"(y; Hig, ’{p) (marginal model)

E[\/lg] = Kig = Si eXp{XTﬁ}
V[Yigl = nig + 1/ 5ip

S;gp = Z Y/g ~Pg 7 (sum model)
g
E[Sig,] = > pig = puig,
g
VISig,) = D (ig + g /rp) +2_ CovlYig, Y] 7
g g<h

> to be preserved > to be determined
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Statistical modeling of multigene fuzzy counts

The Poisson-Gamma model [Fabio et al., 2012]

Yig ~ Py
PG U ~ Qa(u; Kp, Iip) Yig~NegBin(y;pig,rp)
Yig | Ui ~ Poi(y; Uipig) Sigpy=2g Yig~Po ?

) V[S,-gp]:...+2zg<h Cov[Yig,Yin] ?
D Yig | Ui ~ Poily; Ujpig,)
g —lg‘( Ig*y)“o()/-‘)

Yig ~ NegBin(y; pig, kp) !
Sig, ~ NegBin(s; pigp, rp) !

E[Sig,] = B0 g,
2 *
V[Sig, ] Mzu,g (ng) vl
_ Z (M/g + ,u,g/np> +2 Z Hightih

g<h kp
| I |
=COV[Yjg,Yin] !
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Statistical modeling of multigene fuzzy counts  pRErkwE—E

From Data to Actionabletnsight,

The Poisson-Gamma model [Fabio et al., 2012]

Ui~Ga(uirp,kp)
Yig|Ui~Poi(y;Uipig)
Sig,~NegBin(sipigprp)

Constraints of the PG model: S | (Yig=y)~oly,)

> Vg €Gp:rg =kp

(constant group-overdispersion)

» COV[Yj, Y] = ,%pliig/tih

(x for both marginal overdispersion and gene dependence)

> COV[Yg, Y] >0

(strictly positive gene dependence)

» It is well defined for group partitions LG, = G

» Are they too strict?
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Statistical modeling of multigene fuzzy counts

The fuzzification model [Calcagni et al., 2026]

Ui~Ga(uikp,kp)
YiglUi~Poi(y;Ujnig)
S,gpN,\'egﬁr‘n(szu,g/,J;/,)
A computationally tractable working version is:

Sig | (Yig =y) ~ o(y,°)
a({=s }gegp ‘ yigp) ~ H 9e(Zie | Yig),

g€y

where the joint fuzzy-reporting kernel is approximated by a product of gene-wise
reporting kernels.

> (cons) granular interactivity not directly plugged into the model!
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Statistical modeling of multigene fuzzy counts

Some prelimina

ry results

> Does COV

0.07
0.06
0.05
0.04
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0.02
0.01

Avg squared distCorr

p
0 p
0 5

(Yig, Yin) leave a detectable trace after factorized fuzzy reporting?

6| =5

— PG — -PG
|G| =10 |G| =25

5 20 100 5 20 100
K K
y ~ 0.77 shared latent dependence remains clearly detectable for factorized-PG model
y ~ 0.50 shared latent dependence is substantially attenuated for factorized-PG model
y ~ 0.19 the two models are practically indistinguishable

» A factorized-PG model may be still adequate when latent gene dependence is sufficiently strong.

Strong dependence remains detectable even under a factorized reporting model.

» The factorization of q({Zj;} e Gp | y,-gp) attenuates the shared gene dependence
because it lacks granular interactivity!
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Final remarks

Established

Granular counts naturally represent read-to-gene multimapping;
Granular counting induces interactivity;
Aggregating genes requires preserving the joint assignment structure.

Current
A two-layer statistical model:
latent counts via shared-random-effect PG model;

fuzzy reporting via factorized conditional model.

Open

Assess the structural restrictions induced by the PG model (against =PG models);
Move beyond factorized fuzzy reporting at reasonable cost.
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